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Abstract

In this work, the association of the Asymptotic Numerical Method (ANM) with the Method of Funda-
mental Solutions (MFS) to solve the Von Karman equation is investigated. The Von Karman equation
introduced a system of two fourth order elliptic nonlinear partial differential equations which can be
used to describe the large deflections and stresses produced in a thin elastic plate subjected to external
loads. The MFS is one of the most developed meshless methods and is probably the most used Trefftz
method. Thanks to the Taylor series development, the system of two fourth order elliptic nonlinear partial
differential equations are transformed into a succession of a system of two linear bi-harmonic equations.
Knowing that the fundamental solution is not always available, the MFS-RBF (Radial Basic Functions)
method is combined with the Analog Equation Method (AEM) to solve these resulting system of two li-
near bi-harmonic equations and computes the nonlinear branch solutions. The efficiency of the method
is verified through a numerical example.

Keywords : Method of Fundamental Solutions, Asymptotic Numerical Me-
thod, Von Karman Plate.

1 Introduction
Analysis of large deformations of square and rectangular plates is one of the most studied engineering
problems in the structural community, with many engineering applications including in aircraft struc-
tures, shipbuilding, bridges and spaceships. The extension to large deformations was first provided by
Von Karman in a seminal work [1], wherein the nonlinear terms are retained in the kinematic relation-
ships to account for a significantly large deformation of the plate (w is comparable with plate thickness
or larger but remains small with respect to other dimensions of the plate). This leads to a pair of coupled
fourth-order nonlinear equations of transverse displacement and stress function.
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The Von Karman equations for bending thin plates have been studied by various authors. The study of
the numerical approximation of these equations by Finite Elements Method (FEM) has been undertaken
by Miyoshi [2] and more recently by Brezzi [3] which demonstrates the convergence of Newton’s me-
thod in the case of an isolated solution. The possibility of obtaining accurate numerical results without
resorting to the mesh has been the aim of many researchers throughout the past two decades. The Me-
thod of Fundamental Solution (MFS)[4] is one of the most recently developed meshless methods that
has attracted attention in recent years and is probably the most used Trefftz method. The main advantage
of the MFS is a reduction of the number of unknowns and a simple theory implementation.

In the present work, a numerical technique for solving the Von Karman equations for thin plate is presen-
ted by combining ANM with MFS. The ANMmethod is a technique developed to compute the solution
of nonlinear partial differential equations. It consists in transforming the nonlinear problem into a se-
quence of linear ones by expanding the unknowns in power series. As the series solution is limited by a
radius of convergence, a continuation procedure allows one to obtain the whole solution branch in a step
by step manner. The step length is computed a posteriori by exploiting the terms of these series. It has
been successfully applied in nonlinear solid and fluid mechanics [5]. Nevertheless, several papers cou-
pled ANMwith a meshless discretization method [6, 7, 10, 11]. Recently, Tian et al. [8] have associated
a method based on the ANM with Taylor Meshless Method (TMM) for post-buckling analysis within
the Von Karman plate theory. Askour et al. [9] have associated MFS and ANM to solve 2D nonlinear
elasticity problems. To our knowledge, the Von Karman plates theory has not been again investigated
with MFS.

The aim of this paper is to offer a simple numerical technique (ANM with MFS) for the resolution of
the Von Karman equations. The paper is organized as follows. The governing equations based on w−F
formulation are presented in Section 2. In section 3, we illustrate the ANM for solving the nonlinear
equations, where the MFS is detailed in section 4. The efficiency of this method is demonstrated by
numerical a example in section 5, followed by some concluding remarks in section 6.

2 Governing equations
The elastic large deflection response of a plate is governed by two fourth order elliptic nonlinear par-
tial differential equations, which are named Von Karman equations [1]. One of them represents the
equilibrium condition in the transverse direction and the other represents the compatibility condition of
in-plane strains. The PDEs are as follows :

D∆2w − [F,w] = λg

∆2F + Eh
2 [w,w] = 0

, D =
Eh3

12(1− ν2)
(1)

In the above equation,w is the additional transverse displacement,F is the Airy stress function governing
the in-plane stress resultants, g is the lateral pressure acting on the plate, λ is a scalar load parameter,
D is the flexural rigidity, h is the plate thickness, E and ν are Young’s modulus and Poisson’s ratio. We
use the notation ∆2 for the bi-harmonic operator and the classical bracket operator [f, q] is related to the
Gaussian curvature and defined by :

[f, q] = ∂2f
∂x2

∂2q
∂y2

+ ∂2f
∂y2

∂2q
∂x2
− 2 ∂2f

∂x∂y
∂2q
∂x∂y

(2)
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Stress σx in the x direction, σy in the y direction and shear stress τxy in xy plane may be expressed as

σx = ∂2F
∂y2

, σy = ∂2F
∂x2

, τxy = − ∂2F
∂x∂y (3)

The boundary conditions for the transversal displacement are the same as those used for classical plate
analysis, which is fulfilled in the following two cases.

The case of a clamped edge in the transverse direction is obtained if :

w = ∂w
∂n = 0 (4)

The case of a simply supported edge is obtained if :
w = 0

Mnn = −D
(
ν∇w + (1− ν)∂

2w
∂n2

)
= 0

(5)

whereMnn represents the normal bending moment.

The boundary conditions for the stress function F are obtained by assuming that the external edge of
the plate is not subjected to in-plane forces which yields the following boundary conditions :

F = ∂F
∂n = 0 (6)

As a consequence, equation (6) is a sufficient condition to impose a free edge in an in-plane direction.

3 Asymptotic Numerical Method
The basic idea of ANM consists in searching the solution paths generated by (w,F, λ) of the nonlinear
problem (1) in the form of a truncated Taylor series from a known and regular solution (w0, F0, λ0)

under the following form : 

w

F

λ


=



w0

F0

λ0


+

P∑
k=1



wk

Fk

λk


(7)

where P is the truncation order of the Taylor expansions and the path parameter "a" can be defined as :

a = < w − w0, w1 > + < F − F0, F1 > +(λ− λ0)λ1 (8)

where <· , ·> is the Euclidian scalar product. The ANM relies on a numerical calculation of the Taylor
series terms (7). Taking into account the series (7), the system (1, 8) becomes a set of linear problems
by equating like powers of parameter "a". At the order k = 1, one gets a linear system satisfied by
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(w1, F1, λ1) and that is nothing but the tangent system :

D∆2w1 − [F0, w1]− [F1, w0] = λ1g

∆2F1 + Eh[w0, w1] = 0

< w1, w1 > + < F1, F1 > +λ21 = 1

(9)

At the generic order k, the unknowns (wk, Fk, λk) are solutions of another linear system involving the
same linear operator as in (9) :

D∆2wk − [F0, wk]− [Fk, w0] = λkg +
∑k−1
r=1 [Fr, wk−r]

∆2Fk + Eh[w0, wk] = −Eh
2

∑k−1
r=1 [wr, wk−r]

< wk, w1 > + < Fk, F1 > +λkλ1 = 0

(10)

Finally, all vectors (wk, Fk) and the scalar parameters λk of series (7) can be determined by solving
the system of equation (9) and (10) at each truncation order. We recall that all the linear problems
(9) and (10) have the same tangent operator and different forms of right-hand sides. In fact, only one
matrix decomposition in each ANM-step is needed. The validity range of the series (7) is limited by the
convergence radius. To obtain the whole solution branch, a continuation technique is used. It consists in
computing the step length of the solution automatically by the following formula [5] :

amax =
(
ε ‖w1‖
‖wP ‖

) 1
P−1 (11)

Here, ε is a small number and the norm ‖ · ‖ in (11) is chosen as the Euclidean norm. The solution
(w(amax), F (amax), λ(amax)) is a new starting solution for the following step. This technique allows
us to compute a posteriori the step length of the solution, which is naturally adaptive and depends on
the local nonlinearity of the considered problem.

4 Method of Fundamental Solutions
We propose to solve the resulting linear problems (9-10) by using Method of Fundamental Solutions
(MFS).We approximate the solution to the bi-harmonic problem by a linear combination of fundamental
solutions of both the Biharmonic operator and Laplace’s operator and particular solution which based
on Radial Basis Functions (RBF) :


w(Mi) =

∑Ns
j=1G1(Mi, Qj)α

w
j +G2(Mi, Qj)β

w
j +

∑Ns
j=1 ϑ(Mi,Mj)γ

w
j

F (Mi) =
∑Ns
j=1G1(Mi, Qj)α

F
j +G2(Mi, Qj)β

F
j +

∑Ns
j=1 ϑ(Mi,Mj)γ

F
j

(12)

whereQj andMi are respectively the coordinates ofNs source points which are taking on the fictitious
boundary and the coordinates of the N collocation points. G1 represents the fundamental solutions of
the bi-harmonic operator [12] :

G1(Mi, Qj) =
ρij
8π log(ρij) (13)
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G2 represents the fundamental solutions of the Laplace operator [12] :

G2(Mi, Qj) = 1
2π log(ρij) (14)

where ρij =
√

(xMi − x
Q
j )2 + (yMi − y

Q
j )2 and ϑ represents a particular solution of the bi-harmonic

operator which is built from the Radial Basis Functions defined by [13] :

∆2ϑ(rij) = Φ(rij) (15)

Effectiveness and accuracy of the interpolation depend on the choice of the approximating functions Φ.
Global interpolation functions, such as Lagrange polynomials, Fourier sine and cosine series, RBFs of
polynomial type and thin plate spline (TPS), multiquadric (MQ) functions may be used for this purpose.
In this paper, the functions Φ in equation (15) are selected to be thin plate spline RBFs with respect to
an Euclidian distance rij =

√
(xMi − xMj )2 + (yMi − yMj )2 :

Φ(r) = r2log(r) (16)

Next the use of equations (15) and (16) gives the approximating particular solutions ϑ(r) by :

ϑ(r) = 10−3 r
10

120(20log(r)− 9) (17)

After satisfying all equations of the resulting linear problems (9-10) and take into account the boundary
conditions for w and F at collocation points, a system of equations is solved to determine the unknown
coefficients (αwj , β

w
j , γ

w
j , α

F
j , β

F
j , γ

F
j )

5 Numerical results and discussions

5.1 Square plate subjected to lateral load
To validate our results, we considered a square plate with geometry a = b = 2 and thickness h = 1

subjected to an uniformly distributed lateral load. For generality, all quantities are made dimensionless ;
the coordinates, the deflection, the load and the stress are represented by :

x = ax̄, y = bȳ, w = hw̄, g = Eh4

a4
ḡ, F = Eh3F̄ (18)

In this example, Young’s modulus E = 1, Poisson’s ratio ν = 0.3 and the fictitious boundary is a
circle of radius R = 3. We take N = 197 points distributed over the domain occupied by the plate and
Ns = 41 represents the number of points on the fictitious boundary chosen equal to the number of the
boundary points in the domain (see figure 1).
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Fictitious boundary

Collocation point

a

b

Registration point

Figure 1 – Node distribution and fictitious boundary

The deflection-load evaluated at registration point for clamed and simply supported edge boundary
condition is given in figure 2. There is no analytical solution available for this problem and therefore
the MFS solution is compared with FEM solution. The parameters of the algorithm are the truncation
order N = 21 and the tolerance parameter ε = 10−8. For comparison purpose, this plate has also been
analyzed via FEM using quadrilateral element with four nodes (Q4) and two degrees of freedom at each
node ; 20× 20 elements for the whole domain.
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(b) Clamped edge boundary condition

Figure 2 – Central deflection versus load

It is seen from figure 2 that the results of the present method are quite in accordance with those of the
FEM.

5.2 Square plate under uniaxial and biaxial compression
Let us consider a simply supported square plate under uniaxial and biaxial compression load (see figure
3). The most interesting phenomenon associated with this nonlinear situation is the appearance of "bu-
ckling". The thin plate may deflect out of its transversal direction when the compression load reaches a
certain magnitude.
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(a) Uniaxial compression load
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(b) Biaxial compression load

Figure 3 – Simply supported square plate subjected to compressive load

The data are written in dimensionless form; Young’s modulusE = 1, Poisson’s ratio ν = 0.3, thickness
h = 1, width a = 2, the loading σ = 1. The dimensionless quantity of compression load is σ = Eh

a2
σ̄.

This buckling problem is solved by the proposedmethod and compared with finite element and analytical
solution. In both method (MFS and FEM), we use a small perturbation to compute a bifurcating branch
by path following, the perturbation will be an uniform transversal pressure. The response curve of the
buckling problem is obtained by a truncation order P = 21 and a tolerance parameter ε = 10−8. In
figure 4 we present a solution branch obtained with 18 steps evaluated at registration point as the first
example.

(a) Uniaxial compression load (b) Biaxial compression load

Figure 4 – Central deflection versus compressive load

In these figures, step accumulation is observed for λσ̄ close to 3.615 and 1.808 respectively for uniaxial
and biaxial compression load obtained by (ANM with FEM) and is exactly the same as in the analytic
solution, but our algorithm also detects the bifurcation point with a slight difference that can be linked
mainly to the consideration of boundary conditions. After the steps accumulation closes the bifurcation
point, the solution branch transits from the primary branch to the bifurcated one.

6 Conclusion
In this work, we have associated the Method of Fundamental Solutions with Asymptotic Numerical
Method to solve the problem of large deflection of thin plates which is governed by a Von Karman
equation. The proposed technique is successfully tested on a square plate subjected to the lateral load.
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Indeed, the problem of square plate under uniaxial and biaxial compression have some defects to locate
the critical load. This algorithm is currently in progress to study the thin plates buckling.

Références

[1] S. P. Timoshenko, S. Woinowsky-Krieger, Theory of plates and shells, McGraw-hill, 1959.

[2] T. Miyoshi, A mixed finite element method for the solution of the von Karman equations, Nume-
rische Mathematik, 26 pp. 255–269, 1976.

[3] F. Brezzi, Finite element approximations of the von Karman equations, RAIRO, Analyse numérique,
12 pp. 303–312 1978.

[4] V. D. Kupradze, M. A. Aleksidze, The method of functional equations for the approximate solution
of certain boundary value problems, USSR Comput Math Phys, 4 pp. 82–126. 1964.

[5] B. Cochelin, N. Damil, M. Potier-Ferry, Méthode Asymptotique Numérique, Hermès-Lavoisier, Pa-
ris, 2007.

[6] S. Mesmoudi, A. Timseli, B. Braikat, H. Lahmam, H.Zahrouni, A 2D mechanical–thermal cou-
pled model to simulate material mixing observed in friction stir welding process, Engineering with
Computers, 33 pp. 885–895, 2017.

[7] Y. Belaasilia, B. Braikat, M. Jamal, High order meshfree method for frictional contact, Engineering
Analysis with Boundary Elements, 94 pp. 103–112, 2018.

[8] H. Tian,M. Potier-ferry, F. Abed-Meraim, A numerical method based on Taylor series for bifurcation
analyses within Föppl–vonKarman plate theory,Mechanics Research Communications, 93 pp. 154–
158, 2018.

[9] O. Askour, A. Tri, B. Braikat, H. Zahrouni, M. Potier-Ferry, Method of fundamental solutions and
high order algorithm to solve nonlinear elastic problems, Engineering Analysis with Boundary Ele-
ments, 89 pp. 25–35, 2018.

[10] A. Tri, H. Zahrouni, M. Potier-Ferry, Perturbation technique and method of fundamental solution
to solve nonlinear Poisson problems, Engineering Analysis with Boundary Elements, 35 pp. 273–8,
2011.

[11] A. Tri, H. Zahrouni, M. Potier-Ferry, High order continuation algorithm and meshless procedures
to solve nonlinear Poisson problems, Engineering Analysis with Boundary Elements, 36 pp. 1705–
14, 2012.

[12] A. Karageorghis, G. Fairweather, The method of fundamental solutions for the numerical solution
of the biharmonic equation, Journal of Computational Physics, 69 pp. 434–459, 1987.

[13] M. A. Golberg, The method of fundamental solutions for Poisson’s equation, Engineering Analysis
with Boundary Elements, 16 pp. 205–13, 1995.


