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Résumé :
L’éclatement de bulle est un phénomène omniprésent, allant des bulles dans un verre de champagne à la
surface de l’océan ou l’éclatement de bulle est une source d’embruns. Nous réalisons ici des simulations
numériques directes en 2D axi symétrique de l’éclatement d’une bulle au moyen du code de calcul en
Volume Fini basilisk. Nous présentons une étude numérique de convergence de l’éclatement d’une bulle,
dans des conditions air-eau pour les rapports de densité et de viscosité, pour une bulle particulière
correspondant à un nombre de Laplace La = ρliqγRb/µ

2
liq = 20000 et un nombre de Bond Bo =

ρliqgR
2
b/γ = 0.1 ou ρliq, µliq, γ, Rb et g sont respectivement la masse volumique du liquide, la viscosité

du liquide, la tension à l’interface, le rayon initial de la bulle et l’action de la gravité. Nous vérifions la
convergence numérique en fonction de la taille de la grille, pour la vitesse du jet et la taille de la première
goutte puis nous discutons la variabilité de nos résultats sur les gouttes qui suivent avec l’augmentation
de la taille de la grille.

Abstract :

Bursting bubbles is an ubiquitous phenomenon, from bubbles in a champagne glass, to the surface of
the ocean, where bubbles burst and generate sea spray. Here we perform 2D axi-symmetric direct nu-
merical simulations of the bursting of a single bubble with the basilisk Volume Of Fluid (VOF) solver.
We present a numerical convergence study of a bubble bursting, with air-water density and viscosity ra-
tio, for a particular case, corresponding to a Laplace number, La = ρliqγRb/µ

2
liq = 20000, and Bond

number Bo = ρliqgR
2
b/γ = 0.1 where ρliq, µliq, γ, Rb and g are the liquid density, viscosity, interfacial

tension, the initial bubble radius and the gravity action respectively. We verify numerical convergence
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with respect to grid size regarding the jet velocity, and the first droplet radius, and discuss the variability
in the subsequent droplets for the increasing grid size.

Mots clefs : bubbles, drops, bursting, jet, ocean, numerical simulation

1 Introduction
When an air bubble reaches the liquid surface, the thin film forming the cap of the bubble drains and
eventually ruptures [1]. The bursting of the film might produce tiny film droplets [2]. This leaves an uns-
table open cavity, which collapses due to capillary forces [3, 4]. This produces a central jet that arises and
eventually breaks up, leading to 1 to 10 droplets [5, 6]. This mechanism occurs in many practical appli-
cations, from bubbles in a glass of sparkling wine which produce aerosols that spread in the air [7, 8] to
bubbles at the surface of the ocean, produced by breaking waves [1]. Since the first study of this phenome-
non by Woodcock et al. in 1953 [9], numerous studies have described the bursting bubbles phenomenon.
In 2002 Duchemin et al. [3] performed the first direct numerical simulation of a bursting bubble with a
free surface Navier-Stokes equation formulation. They characterized the size and the velocity of the first
drop neglecting the effect of gravity. More recently, Ghabache et al. experimentally characterized the
velocity [4] and the size [6] of the first drop. Deike et al. [10] performed numerical simulations that fully
describe the velocity of the first drop for a large range of parameters. At the same time, Brasz et al. by the
use of experiments and numerical simulations [11] characterized the size of the first drop. Ganan-Calvo
proposed a scaling law to describe the size and the velocity of the first drop [12, 13] in good agreement
with experiments and numerical simulations while Gordillo and Rodriguez-Rodriguez [14] proposed an
alternative model that describes the velocity of the first drop. This body of works provides a precise des-
cription of the size and velocity of the first drop. Earlier studies by Spiel [5] provided a first study on the
number of ejected droplets and the statistics of the size of the subsequent droplet in air-water conditions.
However, the precise knowledge of the number, size, and velocity of all droplets for a wide range of pa-
rameters remains to be clarified. Here we develop direct numerical simulations that capture all the jet
drops produced by a bursting bubble. In section 2 we define the parameters for a numerical simulation,
the initial geometry and show an example. In section 3, we discuss the numerical convergence criteria for
our numerical simulation. We obtain very good numerical convergence with the mesh size for the first
drop size and velocity, and discuss the variability observed for the subsequent droplets.

2 Numerical Method
We consider a bubble at rest at an air-water interface. The Young-Laplace equations fully describe the
bubble shape, and its solution describes the profiles well observed experimentally for a bubble on an
air-liquid interface [2, 4]. This problem involves two fluids separated by an interface. We note ρi and µi
the density and the viscosity of the fluid i, γ the surface tension between the two fluids and g the gravity.
Last, we note Rb the bubble radius which defines the characteristic length scale of the simulation. We
can describe the problem by four dimensionless numbers, the viscosity ratio as µliq/µgaz = 55, the
density ratio ρliq/ρgaz = 998 which are close to the water-air condition, and the Laplace La and Bond
Bo numbers,

La =
ρliqγRb

µ2liq
(1)
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Figure 1 – Resolution of the Young-Laplace equation for 4 different Bond numbers. The length axes are
rescaled by the characteristic length, Rb.

Bo =
ρliqgR

2
b

γ
(2)

The Laplace number compares the capillary forces with the viscous forces. The Bond number compares
the gravity forces with the capillary forces. The collapsing cavity generates a jet moving at velocity V ,
and we define the capillary number

Ca =
V µliq
γ

(3)

which compares the jet (or droplets) velocity with the visco-capillary velocity γ/µliq. We normalize the
droplets radii by the bubble radius rd = Rd/Rb. Last, the timescale is made dimensionless by the use of
the capillary timescale tc =

√
ρliqR3

b/γ.

Figure 1 shows the shape of the bubble for four different Bond numbers obtained by solving the Young-
Laplace equation. The Laplace number does not impact the initial shape, which is determined by the
balance between gravity and surface tension. In the no-gravity approximation, the bubble shape is a
sphere. As we increase the Bond number, the shape differs more and more from the sphere. Increasing
the gravity brings the bubble above the free surface, with a larger cavity, and smaller depth.

We perform 2D-axisymmetric simulations, using the Basilisk open-source library, to solve the incom-
pressible two-phase Navier-Stokes equations with surface tension. We use an adaptive volume-of-fluid
quad-tree mesh, which allows us to work up to an equivalent grid of a total of 414 points for a limited
computation time. This library, based on the Gerris solver [15, 16], has been validated for different cases
like breaking waves in 2D or in 3D [17, 18, 19, 20], atomizing jet [18, 21] or splashing [22, 23]. Since
we work, with an adaptive mesh, a level 12 of maximum refinement means that we allow the mesh to
refine itself up to 212 cells in each direction for a total of 412 cells, which gives us up to 820 cells along
a bubble diameter.

We initialize the simulation with a bubble shape profile, as the one in the figure 1, at rest and without its
top spherical cap, following [10, 24]. Figure 2 shows the time evolution of a bursting bubble for Bo = 0.1

and La = 20000. It starts with the initial shape on the top left panel.We set the maximum refinement level
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Figure 2 – Time evolution of a bursting bubble. The Bond number is set to 0.1 and the Laplace number
is set to 20000. The mesh maximum refinement level is set to 12. The top panel of the figure shows the
cavity collapse. The bottom panels show the rise of the jet and the formation of some droplets.
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at 12. We plot the interface for t/tc = 0, 0.175, 0.35, 0.525, 0.7, 0.875. The bubble cavity is collapsing
due to the surface tension [4, 24] with waves propagating towards the center as described in [4, 10]. Then
a jet forms at the center of the cavity. This jet rises up and breaks up to produce typically from 1 to 10
droplets depending on the control parameters.

3 Numerical Convergence of the Simulations
Here, we perform a convergence study of our numerical simulations, by changing the maximum level
of refinement. We choose to start at level 12 and to increase it up to level 14 for one specific case. This
method can be extended to all the possible Bond and Laplace numbers. For this case, we consider the
Bond number Bo = 0.1 and the Laplace number La = 20000. The code adapts the mesh with 2 criteria
based on the error on the interface and on the velocity. The adaptive criteria for the mesh remain the same
for the 3 refinement levels.

To estimate the numerical convergence of a simulation, we consider several output variables of the burs-
ting process. We know from previous numerical and experimental studies that the first drop behavior is
well defined [4, 6, 8, 10]. Therefore, we start by analyzing the interface profile of the jet for different
times, the position of the top of the jet during the entire simulation, the velocity of the top of the jet, the
ejection velocity of the droplets and the size of the droplets.

Figure 3 shows the superposition of 3 interface profiles for 6 different time steps, at t/tc is 0.35, 0.4,
0.45, 0.5, 0.55 and 0.6, represented in the panel (a), (b), (c), (d), (e) and (f). On panel (a), the profiles
are almost on top of each other. On panel (b), we see only very small differences between the profiles at
the bottom of the cavity. The jet starts forming on this panel, and the differences are small, when we take
into account the velocities of the jets at that point (see figure 4). On panel (c), the jets start to rise. The
profiles for levels 13 and 14 are almost on top of each other. There is a very small difference with the
profile at level 12. On the last 3 panels ((d) to (f)), we see bigger differences, around the top of each jet.
The drops detach from the jets at different times. However, we show that the velocity and the radius of the
first drop are numerically converged (see figure 6). As the jets continue to rise, we see small differences
at their tops where new drops form.

Figure 4 shows the time evolution of the velocity of the top of the jet. The curves are almost on top of
each other up to a time close to t/tc ≈ 0.5. At that point, the jet velocity at level 14 decays suddenly.
This corresponds to the ejection of a droplet. The same thing occurs for levels 13 and 12. The decay is
the same and the 3 jet reaches the same new velocity. The droplet production occurs at different times.
Even if the droplets production occurs at different times, the velocities of the jets are the same for the 3
levels before and after the droplets production (characterize by the sudden decay of each velocity). Thus,
we are confident that the jet dynamic is numerically converged for this case.

Figure 5 shows the time evolution of the top of each jet and the center of mass of each droplet during
the simulations, for the 3 levels of refinement. We recover our observations from the figure 3 : the jet
behavior is the same up to t/tc = 0.6. After that time, the droplets production occurs for very different
times. From t/tc = 0.6 to 0.8, the level 12 produces 2 droplets on the same time which merge a few
steps later, the levels 13 and 14 produce 2 droplets at 2 different times with 2 different behaviors. We
consider that the droplets 2 and 3 for the level 12 are the same, since they merge very quickly after their
production. At the end of the simulation, the level 14 is ejecting a fourth drop before going down. This
is not the case for the 2 other levels.
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Figure 3 – We compare the interface of the simulations for 6 different time steps, for 3 levels of re-
finement, from 12 to 14. (a) shows that the profiles for the 3 different resolutions are superposed at
t/tc = 0.35. The 3 interface profiles are very close to each other. (b) shows the interface profiles at the
beginning of the formation of the jet at t/tc = 0.4. We observe only small differences between the level
14 and the other 2 levels. (c) shows the interfaces for t/tc = 0.45. The jet is now formed and starts to
rise. There is a good agreement between the levels 14 and 13. The end of the jet is a bit thicker and has
risen a bit less for the level 12. (d) shows the end of the pinching process. The drop detaches almost from
the jet for the level 14, whereas it is still in formation for levels 13 and 12. (e) shows the profile after the
production of the first drop. The drop profiles are more different than at earlier time, while the jet profiles
are still very close. (f) shows the jets profiles for t/tc = 0.6, with small differences between the level 14
and the 2 lower levels.
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Figure 4 – Capillary velocity Ca of the top point of the jet for 3 different meshes as a function of time
t/tc. Up to t/tc < 0.45, the velocity is globally the same for the three resolutions. At t/tc ∼ 0.45, we see
a sharp decay in the jet velocity, due to the formation of one drop. The jet detachment occurs at different
times for the 3 meshes. This was also observed in [10]. After the first drop, the general behaviors are
similar, but not the breakup times (corresponding to the sudden decay in the jet velocity).
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Figure 5 – Position of the top of the jet and the center of mass of the ejected droplet for 3 different
meshes, as a function of time t/tc. The squares represent the drop for the level 12, the crosses are for
the level 13 and the triangles for the level 14. The jet positions are the same up to the ejection of the
first drop. The ejection occurs at slightly different times. However, the trajectory of the first drop is the
same for the 3 meshes. Then, up to t/tc = 0.6, the trajectories of the jets at different resolutions are the
same again. Then, the 3 jets at different mesh resolutions eject droplets at slightly different times, with
variation in sizes. However, the top of the jet behaves the same way for each mesh.
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Figure 6 –We compare the results of the first 3 drops for 3 meshes. The level 14 is chosen as the reference
level and we show the error of the velocity and the droplet size with respect to the highest resolution. The
left panel represents the error on the capillary velocity Ca as a function of the mesh and the right panel
stands for the first three droplets radius errors as a function of the mesh size. As we increase the level,
we decrease the differences with the mesh at level 14 for the first drop. With less than 5% of difference
between the level 13 and 14, the simulation is numerically converged. For the 2 other droplets (numbers 2
and 3), larger differences are visible, showing the sensitivity of the droplet size and velocity to the details
of the numerical resolution.

Figure 6 compares the velocities and the sizes of the droplets for the simulations at levels 12 and 13 with
the one at level 14. The level 13 is close to the level 14 for the first drop, with less than 5% of difference on
the size, and less than 2.5% of difference on the velocity. This is small enough to say that the simulations
are numerically converged for the first drop. However, the second and the third drop are much different
for each level (up to 23% of difference). Experiments show that the characteristics of the drops coming
after the first one present some large variations from one experiment to the other [5, 25]. The study of the
droplets coming after the first one has to be done statistically if we want to have a good comprehension
of their behavior.

Through this example, we show that the dynamic of the jet and the breakup process are numerically
converged up to the first drop. After the first drop, we have to be careful on the results. One simulation
can only give us a general trend and not the full behavior of the jet. A statistical study has to be done to
obtain the general behavior of the jet after the first drop.

4 Conclusion
In this article we present a highly resolved numerical simulation able to reproduce the jetting process
associated with the bursting of a bubble. We discuss and define numerical convergence criteria for the
simulation. We apply those criteria on a specific case as an example. We can extend this work to a broad
range of Laplace and Bond number. Once the numerical convergence is achieved, these simulations can
be compared with experimental, numerical and theoretical results from the literature. From these simula-
tions, we can extract the dynamics of all the droplets produced by bubble bursting. We remark that while
numerical convergence is achieved to a great accuracy for the first drop size and velocity, the subsequent
drops present large variability in their dynamics, showing high sensitivity to the initial condition posed
by the first drop detachment. Therefore, a statistical study has to be done for the droplets after the first
one to give a full picture of the jet drop formation.
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